< 



BIG SLICES VERSUS BIG RELATIVELY WEAKLY OPEN 
SUBSETS IN BANACH SPACES 
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Abstract. We study the unknown differences between the size of slices 
^O ' and relatively weakly open subsets of the unit ball in Banach spaces. 

We show that every Banach space containing isomorphic copies of co 
can be equivalently renormed so that every slice of its unit ball has 
diameter 2 and satisfying that its unit ball contains nonempty relatively 
weakly open subsets with diameter strictly less than 2, which answers 
by the negative an open problem. As a consequence a Banach space 
,S^ , is constructed satisfying that every slice of its unit ball has diameter 2 

^ • and containing nonempty relatively weakly open subsets of its unit ball 

with diameter arbitrarily small, which stresses the differences between 
the size of slices and relatively weakly open subsets of the unit ball of 
Banach spaces. 

^ ■ 1. Introduction 

l> 

^. 

f^ . The well known Radon-Nikodym (RNP) property in Banach spaces is 

characterized by the existence of slices with diameter arbitrarily small in 
^ ■ every closed and bounded subset of the space. Similarly, a Banach space 

X has the point of continuity property (PCP) if every nonempty closed 
and bounded subset of X has relatively weakly open subsets with diameter 
arbitrarily small. We refer to [5j, [9j and [lOj for background about RNP 
and PCP. It is clear then that RNP implies PCP, however there are Banach 
spaces satisfying PCP and failing RNP [6]. In the last years, one can find 
C^ . what we can call the big slice phenomena, that is, examples of Banach 

spaces where every slice or every nonempty relatively weakly open subset of 
its unit ball has diameter 2, a property extremely opposite to RNP or PCP. 
These examples include infinite-dimensional uniform algebras [13j, infinite- 
dimensional C*-algebras [4j, infinite-dimensional M-embedded spaces |12j, 
Banach spaces with the Daugavet property [15], etc. Also, it is known [71 
Lemma 1.1.3] that all these spaces have extremely rough dual norm, which is 
a property extremely opposite to the Frechet differentiability. The big slice 
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phenomena probably started in the paper of O. Nygaard and D. Werner [13j, 
but after discover many examples with this phenomena and the connections 
with other well known geometrical properties, like Daugavet property or 
extreme roughness, the phenomena has now its own life and new geometrical 
properties in Banach spaces have appeared, the slice diameter 2 property 
and the diameter 2 property. Recall now the precise definitions. 

Given a Banach space X, we say that X has the slice diameter 2 property 
(SD2P) if every slice of the unit ball of X has diameter 2. Similarly, we 
say that X has the diameter 2 property (D2P) if every nonempty relatively 
weakly open subset of the unit ball of X has diameter 2. 

With the above definitions it is clear that SD2P implies non-RNP and 
D2P implies non-PCP. As RNP and POP are isomorphic properties, that 
is, they are independent of the equivalent norm considered in the space, one 
can see SD2P and D2P like the extremely opposite geometrical properties 
to RNP or PCP, since SD2P and D2P are not independent of the norm 
considered in the space. 

From the definitions, one deduce that D2P implies SD2P. In fact all known 
Banach spaces with the SD2P up to now also satisfying D2P. It is then an 
open problem wether these two properties are in fact different. As RNP and 
PCP are different properties, it is natural thinking that SD2P and D2P are 
also different properties. However, the well known example of Banach space 
with PCP and failing RNP is B, the natural predual of James tree space JT, 
constructed in [11], and it is proved in the paper by W. Schachermayer, A. 
Sersouri and E. Werner [H] that B fails the SD2P. So the natural candidate 
to example of Banach space with SD2P and failing D2P doesn't work. 

The aim of this note is to prove the existence of a Banach space satisfying 
SD2P and failing D2P, which answers by the negative an open problem 
stated firstly in [Ij, where wrongly it is announced that B, the predual 
of JT, has SD2P and fails D2P. In fact, much more can be shown. We 
exhibit in Corollary 12.61 a Banach space with SD2P so that its unit ball 
contains nonempty relatively weakly open subsets with diameter arbitrarily 
small, which is a stronger statement than failing D2P. For this, we first 
construct in Proposition l2.1l and Theorem l2.2l a closed, bounded, convex and 
symmetric subset of c, the Banach space of convergent sequences with the 
sup norm, so that every slice of K has diameter 2 and its unit ball contains 
nonempty relatively weakly open subsets with diameter arbitrarily small. 
Finally, we show in Corollary 12.51 that for every Banach space containing 
Co, the classical Banach space of null sequences with the sup norm, and for 
every e > there is an equivalent norm with the SD2P and whose unit ball 
contains nonempty relatively weakly open subsets with diameter strictly less 
than e and so every Banach space containing isomorphic copies of cq can be 
equivalently renormed satisfying SD2P and failing D2P. 

We pass now to introduce some notation. For a Banach space X, X* 
denotes the topological dual of X, Bx and Sx stand for the closed unit ball 
and unit sphere of X, respectively, and w denotes the weak topology in X. 
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We consider only real Banach spaces. A slice of a set C in X is a set of X 
given by 

S = {x eC : x*{x) > supx*(C) - a} 

where x* G X* and a < supx*(C). 

Recall that a slice of Bx is a nonempty relatively weakly open subset of 
Bx and the family 

{{x € Bx ■■ \x*{x - Xo)\ < e, 1 < i < n} : n G N, Xi, • • • , < G X*} 

is a basis of relatively weakly open neighborhoods of xq G Bx- So every 
relatively weakly open subset of Bx has nonempty intersection with Sx, 
whenever X has infinite dimension. 

N'^'^ stands for the set of all ordered finite sequences of positive integers 
and denotes by the empty sequence. If a = (ai, • • • , a„) G N*-'^, we define 
the length of a by |a| = n and |0| = 0. Also we use the natural order in 

a < /3 if \a\ < \(3\ and q^ = /3i Vi G {1, • • • , |a|}. 

Also we do < a Va G N<'^. 

As N^'^ is a countable set we can construct a bijective map (p : N^'^ — )■ N 
so that 0(0) = 1 and (j){a) < (j){l3) whenever a < /3 G N^"^ and (piaj) < 
(t){a, k) for every a G N^'^ and j < /c G N. Indeed, consider {pn\ an 
enumeration of prime positive integers numbers and define the bijective map 
00 : N^'^ — )■ N given by 0o(c*i) ■ ■ ■ ■, Ofc) = Pi^ • • 'P'k' ■ Now take an strictly 
increasing map (pi : 00 (N^*^) — )■ N and put = 0o ° 01- Then satisfies the 
desired properties. Observe that, from the above construction, {0(a,j)}j is 
a strictly increasing sequence for every a G N^*^. 

2. Main result 



We begin constructing a subset A of c, the space of convergent scalar 
sequences with the sup norm. For this, {e„} and {e*} stand for the usual 
basis and the sequence of biorthogonal functionals of co, the space of null 
scalars sequences with the sup norm. Define for every a G N^'^, e^ =: 
^4>(a) £ c, e* =: e*. N G c* and Xq G c by XQ(i) = 1 if 0~^(i) < a and 
a^a(^) = — 1 in otherwise. It is clear that Xq, G Sc for every a G N^'^. Note 
that if a, /3 G N^'^ are incomparable then ||xq- — x^||c = 2. 

Define yl = {xq, : a G N^'^}, which is a subset of the unit sphere of c and 
K = co(ylU —A) which is a closed, convex and symmetric subset of Be with 
diameter 2. Throughout this note, the aforementioned elements e^, e*, Xq 
and the sets A and K will be used without previous notice. 

The first step is to prove that every slice of K has diameter 2. 

Proposition 2.1. Every slice of K has diameter 2, as a subset of c. 
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Proof. Pick X* £ Sc*, A < supx*(i^) and put S = {x £ K : x*{x) > 
supx*(i^) — A}. As S* is a slice of K and K = c6{A U —A), we deduce that 

5 meets vl or S" meets —A. From the symmetry of if we can assume that 
5nyl / 0. Then there is a G N<'^ such that Xa G S. Pick j G N. Then X(„j) 
is an element in A given by a:(Q,j)(i) = 1 if (l)~^{i) < {a,j) and X(cjj)(i) = — 1 
in otherwise. Hence {x(a,j)}j is a sequence in A C K weakly convergent to 
Xa- So there is j G N such that X(aj) G S and 

diam{S) > \\x(^a,j)-Xa\\ > k(aj)(0((a,i)))-a:a(0((a,i)))| = |l-(-l)| =2. 

Recalling that K has diameter 2, we deduce that S has diameter 2, being S* 
any slice of if . ■ 

Now, we prove that K, as a subset of c has relatively weakly open subsets 
with diameter arbitrarily small. 

Proposition 2.2. Given n G N and p > with -^ > 12p, one has that 
diam(Wn) < -, where Wn is the relative weak open subset of K C c given 
by 

Wn = {x e K : e'lf. -^{x) > I - p, I < i < n, limx(n) < -1 + p}. 

Proof. First of all, check that xq = ^"=i '"' G Wn- For this note that 
lim„ X(o,i) (?T.) = — 1 and then lim„xo(ra) = —1 < — 1 + p. Furthermore xq 
is a convex combination of elements of ^ C if and so xq G K. Finally, for 
1 < J < ?^, one has 

" 1 . . . 1 . . . n-1 . 1 1 






Then Wn is nonempty. In order to prove that diamiWn) < -, it is 
enough to see that diam{Wn n co{A U —A)) < ;|. For this, pick arbitraries 
x,x' G co{AU —A), hence there are A, A' G (0,1], a, a', —b, —b' G co{A) 
such that X = Aa + (1 — X)b and x' = X'a' + (1 — \')b'. Now lim„ a{n) = 
lim„a'(n) = —1 and lim„ &(n) = lim„ &'(n) = 1. As x G Wn, we have that 
lim„ Xa{n) + (1 — X)b(n) < — 1 + p and then we get that 



(2.1) 


2(1-A)<p. 


Similarly we get that 




(2.2) 


2(1 - A') < p, 


and so 




(2.3) 


|A-A'| <p/2. 



6(0,*) (a) > 
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For i G {!,••• ,ti} one has, taking into account 12.11 12.21 and the fact x = 

Aa + (1 - X)b e Wn that 

(2.4) 

l_l_p_(l_A)e^^.)(5) i-l-p-p/2 l_ 3p 
A ^ A ^ n 2 ■ 

Similarly, one gets that 

(2.5) e^o.)(«')>^-l-f. 
Now, applying 12. H [2^2] and [2r3l we have that 

(2.6) ||x-x'|| < ||Aa-A'a'|| + ||(l-A)6-(l-A')6'|| < ||Aa - A'a'|| +p < 

A||a-a'|| + |A- A'l +/9 < \\a- a'\\ + —. 

Now, our goal is estimate \\a — a'\\. For this put a = X]?=iAjXq,. and 
o' = Ej=i/3iV., "^^^^^ P>9 G N, Xj,/3j > 0, Ej=i^i = Ej=i/?j = 1 and 

Denotes by 1 the sequence in c with all its coordinates equal 1, then 

\\a - o'll = ||a + 1 - (a' + 1)||. Now 



1 = ^ A,x„^ + 1 = E ^i(^". + 1) = E ^. 
j=i j=i j=i 



'J Xoj , 



(2.7) e^o,^.)(a), e^o_^.)(a') >--::::vi<i<n, 



where Xa- is the element in c given by £« (i) = 2 if ^(i) < Oj and 
^a (^) = in otherwise. Similarly o' + 1 = X^?=i /3jX ', where x ' is the 

element in c given by £ / (i) = 2 if (/'"^(i) < a, and a; / (i) = in otherwise. 

Now we have from 12.41 and [231 that 

1 3p 

n~Y 

where a = a + 1 and a' = a' + 1. 

For every i S {!,••• , n.} we define now 

A = {je {!,■■■ ,p}:aj>{0,i)}, A', = {je{l,--- ,q}:a'j>{0,i)}. 

Hi ^ k then Oj and a^ are incomparable and also a^ and a^ are incompa- 
rable, hence Aj n ^^ = and ^- n ^'^^ = 0. 
Now we have that from 12.71 that 

(2.8) yA,>i-^, y/3,>l-^. 

Then 

p n 

i = E^.= E ^^■+ E ^.■ = EE^^- E ^^•' 
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and we deduce from 12.81 that , for every k £ {!,■ ■ ■ ,n}, 

(2.9) j:x,=i- e e^.- e ^.<i- e ^-t 

l-(n-l)(M)^ 



(2.10) ^ ,3^ < 1 _ („ _ l)(i _ i!^) 



Also, fromES 



(2.11) E ^.' E /^.<^- 

Observe that the vectors X]„g^. AjXq,^ — ^ . ^/ /3j2;^' have disjoint sup- 
ports for coordinates k > 1 and 1 < i < n, and so 

(2.12) 



maxk>i 



KE^E ^J^"i ~ E /^i^a;.))(^)l ^ 2maxi<i<„{E Aj + J] /3j}, 



since x„- = £ ' =2. 

Now, applying 12. Ill and 12. 121 we get 



|a-a II = llE^J^"^- "E^i- 



3=1 3=1 ' 



p 
max 



{K^XjX^, -^f^jx^'mi ■■ k eN} 



i=i i=i ' 



P 9 



{|(E^^-^".-E/5^V,)('/'(0))l, |(5]A,x„^.-5^/3,v)(^)h^>l} 

p 9 

max{0,\{^XjXo,^ - ^ /3jX^/ )(/c)| : /c> 1} < 



i=i i=i ' 



n 
max" ' 



{|(E(E ^i^-. - E /3.-^a;.))(^) + ( E ^3^o.,){k)- 

( j; I3,x^,){k)\:k>l}< 



i6(ur=iA,) 

n 

m,ax" ' 



{|(E(E ^^•^". - E /3i^a;.))WI : fe > 1}+ 
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+2( E ^^+ E /5^)^ 

4(1 - (n - 1)(- - ^)) + 6np = - + (12n - 6)p. 
n 2 n 

Finally, we conclude from 12.61 and the above estimation that 
11^; — x'W < \\a — a'W + 3p/2 < 

- + (12n -6)p+ — < 4/n + 12np < 5/n, 
n 2 

since 12v?p < 1, by hypothesis. Hence we have proved that diam{Wn) < 

5/n. ■ 

The above results find a closed, bounded, convex and symmetric subset 
K of Be satisfying that every slice of K has diameter 2 and K contains 
nonempty relatively weakly open sets with diameter arbitrarily small. Our 
next goal is showsing how one can get a Banach space whose unit ball is as 
close to K as possible and keeping almost the same properties of K. For 
this we need the following 

Lemma 2.3. Let X be a Banach space containing an isomorphic copy of cq. 
Then there is an equivalent norm |||-||| inX satisfying that {X, \\\-\\\) contains 
an isometric copy of c and for every x G -^(X,||M||) there are sequences {x„}, 
{Vn} £ -^(x,|||-|||) weakly convergent to x such that |||x„ — y„||| = 2 for every 
n G N. In fact, x„ = xq + (1 — an)en o-nd yn = xq — {1 + an)en for some 
scalars sequence {an} with |a„| < 1 for every n. 

Proof. As X contains isomorphic copies of c, we can assume that c is, in 
fact, an isometric subspace of X. Then for every Y separable subspace of X 
containing c, there is a linear and continuous projection Py '■ Y — > c with 
||P|| < 8. Indeed, let us consider the onto linear isomorphism T : c — > cq 
given by T{x){l) = ^ lim„ x{n) and T{x){n) = \{x{n) — lim„ x{n)) for every 
n > 1. Note that ||T|| = 1 and ||T-^|| = 4. Now, following [H Th. 5.14], we 
get the desired projection Py with \\Py\\ < 2||T~^|| = 8. 

Let T be the family of subspaces Y oi X containing c such that c has finite 
codimension in Y . Consider the filter basis T given by {Y G T : Yq C 1"}, 
where Yq G T and call lA the ultrafilter containing the generated filter by 
the above filter basis. 

For every y G T, we define a new norm in X given by 

||x||r := max{||Py(x)||, ||x - Py{x)\\}. 

Finally, we define the norm on X given by |||2;||| := lim^^ ||3;||y. Observe that 
h\\x\\ < \\\x\\\ < 3\\x\\ for every x G X and so III • III is an equivalent norm in 

>< M II — III III — 1 1 1 1 >/ I 1 1 1 1 I -L 
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X such that |||x||| = ||2;||oo for every x G c, where || • ||oo is the sup norm in 
c. Hence (X, ||| • |||) contains an isometric copy of c. 

Pick xo G -B(jj(-,|||-|||)- In order to prove the remaining statement let {e„} 
and {e*} the usual basis of cq and the biorthogonal functionals sequence, 
respectively. 

Chose A € M and n G N. For every 1" G T with xq G ^ we have that 

Iko + Ae„||y = max{||Py(xo) + Ae„||, ||xo - Py(xo)||} = 

max{|A + e* (Py(xo))|, ||-Py(xo) - e* (PY(xo))e„||, ||xo - Py(xo)||}. 

Call Pn = limiYmax{||Py(xo) - e* (Py(xo))e„||, ||xo - Py(xo)||} and 
an = lim^ e*(Py(xo)). Then |||xo + Ae„||| = max{|A + an|,/3n}- Note that 
|q„| < 1 and /3„ < 1 since |||xo||| < 1- 

Doing Xn ■■= xo + (1 - an)en and y„ := xq - (1 + an)en for every n, we get 
that Xn, Vn G -^(^JIMII)- Finally, it is clear that {x„} and {un} are weakly 
convergent sequences to xq and |||x„, — yn||| = 2 for every n G N. ■ 

Theorem 2.4. Let X be a Banach space containing an isomorphic copy of 
Cq. For every e > there is an equivalent norm \\ ■ \\^ in X such that: 

i) Every slice of Bf, has diameter 2 for the norm \\-\\e, where Bf, denotes 

de unit hall of X for the norm, 11 • 11. 
ii) There is a nonempty relatively weakly open subset W of B^ with 
diamj|.||^(VF) < e. 

Proof. From the above lemma, we can assume that X contains an isometric 
copy of c and for every x G Bx there are sequences {x„}, {vn} £ Bx weakly 
convergent to x such that ||x„ — yn|| = 2 for every n G N. 

Fix e > and consider in X the equivalent norm || • H^ whose unit ball 
is Bg = K + eBx- Then we have ||x||e < -||x|| for every x G X and ||x|| = 
||x||oo for every x G c. 

Pick n G N with 5 < ne"^ and choose < p < -jy^- Consider the relative 
weak open subset of K given by 

Wn = ix G -fsT : e?n ,x (x) > 1 — /?, !<«<"-, limx(n) < —1 + p}. 

^ ' ' n n 

From Proposition 12.11 Wn 7^ and diam\\.\\{Wn) < 5/n. 
Now, we define 

W = {x £ Be : e*(n. -Ax) > I- p + e, I <i <n, limx(n) < -1 + p + e}, 

"^ ' n n 

where e* and lim„ denote the Hanh-Banach extensions to X of the corre- 
sponding functionals on c. 

Check that xq = ^"=1 ^ + ^ Er=i e(o,i) e W. First of all, it is clear 
that Xo G Be- Now, if j G {1, . . . , n}, we have 

i=l i^j 
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1. X. X 1 1 

- n - 1 (-1 +- + e>--l + e-p. 
n n n 

Furthermore lim„ xo(?^) = —1 < — 1 + p+e, soxq G W and H^ is a nonempty 

relative weak open subset of -Bg. 

In order to prove ii), pick x, x' £ W and put x = k + ey and x' = k' + ey' , 

where k,k' £ K and y, y' G Bx- If i G {1, . . . , n} then 

Now we deduce that 

e(o,*)(^) > - - 1 - P + e - ee(o,,)(y) >--!-/>. 

Similarly, we get that eL ^-, (A;') > - — 1 — p for 1 < i < n. From here, we 

have that k,k' £ Wn- 
Finally 

\\x — x'lL < \\k — /c'lL + e\\y — y'lL < -||/c — k'\\oo + 2e < 

e 

5 

— + 2e < 3£, 
ne 

and diamiLii iW) < 3e. 

II Ik ^ ^ — 

In order to prove i), note that i?£ C (1 + e)Bx and so ||x||e > yt^||x|| for 
every x £ X. 

Pick now / £ X*, \\f\\l = 1 and /3 > and consider the slice 

S = {x£Be: f{x) > 1 - /3}. 

Hence there are oi, . . . , a„ G A\J—A, Ai, . . . , A„ G (0, 1], with Yll=i -^1 = 1 
and xo G Bx such that z = Yll=i ^i'^i + ^^o G S. 

As /(z) = /(^"=i Ai(ai + exo)) > 1 — /3 one gets that there is i so that 
/(oj + exo) >! — /?. From the symmetry of K, we can assume that Oj G ^, 
so there is a G N^"^ such that ai = Xa- 

We recall that X(^a,j){k) = 1 if (t>~^{k) < {a,j) and X(^^^j-^{k) = —1 in 
otherwise, then {x(q,j)}j is a weakly convergent sequence to Xq,. 

From the above lemma, there is a scalars sequence {tj} with |ij| < 1 for 
every j such that, putting Xj = xq + (1 — tj)&{a,j) aiid yj = xq — (1 + tj)&{a,j) 
for every j, we have that {xj} and {yj} are weakly convergent sequences in 

Bx to Xq. 

So it follows that {x(q,j) + sxj}j and {x(q,j) + eyjjj are sequences in i?e 
weakly convergent to Xq, + exo, hence we can chose j so that X(q,j) + exj, 

Note that X(q,j) — Xq, = 2e(fj j) and Xj — y^ = 2e(^a,j)i therefore we get 

||(x(^j) + exj) - (xq, + eyj)||e = 

l|2e(aj) +2ee(c,j)||e = 2(1 + e)||e(aj)||£ > 
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2(1 + e) 



l + e 



^1 ■\\\ — 2\\pi ■\\\ — 2 



and diarriu u (S) = 2. 



As a consequence of the above result we have the following corollary, 
which answers by the negative the problem about the equivalence between 
SD2P and D2P. 

Corollary 2.5. Every Banach space containing an isomorphic copy of cq 
can be equivalently renormed satisfying SD2P and failing D2P. 

Our following goal is get a Banach space with the SD2P so that its unit 
ball contains nonempty relatively weakly open subsets with diameter arbi- 
trarily small, which is a stronger statement than the obtained in corollary 
I2.5[ For this, we do X^ = (c, || • ||i/„) for every n G N and X = (.2 — ©„ -^n 
the ^2-sum of the family {X„}, where || • Wi/n is the norm in c given in 
theorem 12.41 for every n G N. 

Corollary 2.6. X has SD2P and Bx contains nonempty relatively weakly 
open subsets with diameter arbitrarily small. 

The proof of the above Corollary is an immediate consequence of Theorem 
l2.4l ioint the next lemma, which give us the stability of SD2P and small weak 
open subsets for ^2-sums. In fact, this stability is also true for ip- sums and 
the above corollary can be obtained by defining X like a ip-suui for every 
p>l. 

Lemma 2.7. Let {Xn} be a sequence of Banach spaces and let {£n} be a 
sequence of positive real numbers with lim„e„ = 0. Assume that, for every 
n £ N, Xn has SD2P and Bx„ contains a nonempty relatively weakly open 
subset with diameter less than En- Then £2 — ©^-^^n has the SD2P and the 
unit ball of I2 — ©^ Xn contains nonempty relatively weakly open subsets 
with diameter arbitrarily small. 

Proof. For every n G N let C/„ be a nonempty relatively weakly open subset 
of Bx„ with diameter less than e„. Then ||x|| > 1 — en for every x G Un- 
Cah Z = £2- 0„ Xn and define, for m G N, Ki = {{xn} G Bz : Xm G Um}- 
Now Vm is a relative weak open subset of i?^. For fixed m, as 1 1x^11 > 1 — Em 
we have that J2'^=i nj^m \\xn\? < 1 - (1 - e^f for every {a;„} G Kn- 

Pick {xn],{yn] e Vm- So \\xm - VrnW < £m, since diam(Um) < £m and 
then 



00 



\\{Xn} - {yn}f = ^ \\Xn - Vnf = 
n=l 
00 

Ell II 2 II II 2 

\\Xn yn\\ ~r \\Xni ym\\ _; 

n=l nj^m 

00 

y^ (IknII + llynll)^ + lla^m -ymlP < 
n=l n^m 
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cx) oo oo 

Ellr iP -I- V^ 11?; iP -I- 9 \^ IIt IIII7; II -I- F^ < 
II "II ' / J llywll ^ '^ / J ll-^wll lli/nll T^ tjn — 

n=l n^m n=ln^m n=lnj^m 

CXD 00 

2(l-(l-e™)^) + 2( Y. \Kf)'/\ E \\ynf)'^' + el< 

n=l nj^m n=l n^m 

4(l-(l-e„)2) + 4, 

widdiam{Vm) < (4(1— (1— em)^)+em)"^ • AslinimSm = 0, we conclude that 
Bz has nonempty relatively weakly open subsets with diameter arbitrarily 
small. 

We pass now to prove that Z has SD2P. Take / € Sz, < a < 1 and 
consider an arbitrary slice of Bz 

S = {zeBz:f{z)>l-a}. 

Pick zq G 'S'z n S, then choose < e < a so that /(zq) > I — a + s. 

We denotes by Pn the projection of Z onto £2 — ©ILi -^i-: which is a norm 
one projection for every n G N. As /(zq) > 1 — a + e, there is /c G N such 
that P^(/)(Pfc(zo)) > 1 — a + e, where P^ denotes the transposed projection 

ofPfc. 

Consider the slice of the unit ball m Y = £2 — ©j=i ^i given by T = 
{y £ By ■ -Pfc (/)(y) > I — a + e}. In order to prove that diam{S) = 2, fix 
yO > and take 2/1,2/2 £ -By such that ||yi — ^2!! > 2 — p. This is possible, 
because it is known that the finite ^2-sum of Banach spaces with SD2P has 
too SD2P [2, Theorem 2.4]. Now we see yi,y2 as elements in Z, via the 
natural isometric embedding of Y into Z, and we have that 2/1,2/2 G S with 
II2/1 — 2/2||z > 2-/9, hence diam{S) > 2 — p. As p was arbitrary, we conclude 
that diam{S) = 2. ■ 

Now the proof of Corollary 12.61 is complete. 

It would be interesting to know if there is some Banach space with PCP 
and SD2P. 

By the other hand, there is a stronger property than D2P, the strong 
diameter two property: a Banach space X satisfies the strong diameter two 
property (strong D2P) if every convex combination of slices in the unit ball 
of X has diameter 2. Its clear that strong D2P implies D2P, and it is known 
that these two properties are in fact different [2]. Indeed, in [2] Theorem 3.2] 
is proved that cq ©2 cq is a Banach space with D2P and failing strong D2P. 
The failure of strong D2P of cq ®2 cq is shown finding out an average of two 
slices in the unit ball with diameter strictly less than 2, however the unit 
ball of Co ®2 Co has no convex combination of slices with diameter arbitrarily 
small. In fact, it is not difficult to check that the diameter of any convex 
combination of slices in the unit ball of cq 02 co is at least ^/2, in the case of 
Co ©p Co for p > 1, one gets 2^'^. So it would be interesting to know if there 
is some Banach space with D2P and so that its unit ball contains convex 
combinations of slices with diameter arbitrarily small. 
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